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ine the statistics of occurrence of A–T and C–G base pairs in DNA. We focus on the
net base composition in blocks of base pairs of various sizes. This paper extends our previouswork on randomness
and order inDNA sequences and examines orderon various scales. For structure on the local scale (100–101 bp)we
have seen that the net base composition in given block sizes is fitted very accurately by the discrete binomial
distribution for a random system. If the statistics were random for larger block sizes then the appropriate
distributionwould be the standard normal (Gaussian) distributionwhich is the continuous analog of the discrete
binomial distribution. However, we have found that at the intermediate scale (102–104 bp) the composition
distribution is not fit by a standard normal distribution but rather by a modified normal distribution with a
standard deviation that is a marked nonrandom function of block size. In particular, the standard deviation
accurately follows a power law with a characteristic exponent. This behavior can be interpreted in terms of
a randomwalk model due to Mandelbrot that is characterized by a tendency for the walk to persist in direction.
The DNA analog of the walk model is the tendency of blocks of base pairs with a given net composition to be
followed by blocks of a similar composition (persistence of composition). Amodel based on a generating function
constructed from a matrix of conditional probabilities (incorporating persistence) explains the overall order in a
given genome at the intermediate scale. In the present paper we examine the block statistics in DNA using the
genomes of two organisms, namely Bacillus anthracis and Escherichia coli both of which have a chain length of
slightly over five million base pairs. We find that the distributions in B. anthracis are well fit by a Mandelbrot-like
distribution. On the other hand, the distributions in E. coli are not so well fit by this distributionwhich is based on
two moments. Using the maximum-entropy method we construct an improved distribution for E. coli based on
fourmoments. Finallywe look at the orderon the scale of the entiremolecule (global scale). Applying themodel of
a randomwalk to the complete DNA genome we find that the Mandelbrot distribution on an intermediate level
cannot explain the global characterof the randomwalk, there being structure to thewalkwith features on the scale
of the total length of the molecule (105–107 bp). To understand the three scales of order (local, intermediate and
global)we construct amodel sequence based on the incorporation ofMandelbrot-type order on the intermediate
scale in a single size block. We then find that the character of the order on the local and global scales follows
naturally from this single feature. Thus all three scales of order in DNA are incorporated into our model sequence.

© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Thebase sequence of the DNA for a given species contains the genetic
information required to synthesize the proteins necessary for the
existence of the particular species. In a series of papers [1–4] we have
examined a number of DNA sequences from the point of view of the
statistics of the net occurrence of A–Tand C–G base pairs.What we have
found is thatwhile the local statistics are essentially the sameas those for
a random collection of A–T and C–G base pairs, the statistics for longer
sequences of base pairs show very nonrandom behavior. Specifically,
there is a nonlinear power law with a characteristic exponent that
describes the widening of the base pair distributions.

In this paper we explore the nature of the statistical structure
of DNA with respect to the occurrence of base pairs on three scales
ll rights reserved.
of length. The scales we use are: local (100–101 bp), intermediate
(102–104 bp) and global (105–107 bp. In Section 2 we use the ge-
nomes of Bacillus anthracis Ames [5] and Escherichia coli CFT073 [6],
which are available on the web [7], to examine the local block
distribution functions for these organisms. We will often abbreviate
the names of these organisms to BA and EC respectively. As with
the genomes we have studied previously [1,2], we find that the
distribution functions for these species on the local level are essen-
tially identical with the binomial distribution, indicating random
behavior.

If one increases the block size to the intermediate range then
we have shown [1,2] that the block distributions are very nonrandom.
In Sections 3–5 we illustrate this behavior, again, using the genomes
of B. anthracis and E. coli. If the net composition of blocks in the
intermediate range had a random distribution then it would be
described by a normal (Gaussian) distribution which is the continuous
analog of the discrete binomial distribution we used on the local scale.
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The distribution function that is actually found in the intermediate
range is similar to the normal distribution but has a much larger value
of the standard deviation giving a wider distribution (reflecting per-
sistence) than the normal distribution. The widening of the distribu-
tion function is described accurately by a power law in terms of the
block size. The nonrandom behavior can be understood in terms of a
fractal random walk model due to Mandelbrot [8,9] which describes
the distribution of steps when there is a persistence in the current
direction of the walk. The analogy of the random walk model with
the power law behavior in DNA is that in DNA the tendency for walks
to persist translates into a persistence of composition whereby blocks
of a given net composition tend to be followed by blocks of like
composition.

The distributions for B. anthracis are accurately described by this
modified normal distribution while those of E. coli are not so well
described, tending to be asymmetric. Using the maximum-entropy
method we can construct an accurate distribution function for E. coli
using fourmoments of the distribution (in contrast to the twomoments
required for thenormal distribution). Using thenotionof persistencewe
construct a generating function in terms of a matrix of conditional
probabilities that gives an increasinglygood representation of the power
law behavior found at the intermediate level as the size of the matrix
(reflecting the range of persistence) is increased.

In Section 6 we examine the structure on the whole molecule
(global) scale. We turn the genome sequence into a random walk by
treating an A–T base pair as a step in the forward directionwhile a C–G
base pair represents a negative step. One simply starts at one end of the
molecule and takes consecutive steps indicated by the base composi-
tion. We find that on the global scale there is a pattern to the overall
walk that cannot be generated by the distribution function for order at
the intermediate level.

Finally, in Section 7, we construct a model sequence that exhi-
bits all types of order found in DNA: local (random), intermediate
(power law) and global (wholemolecule pattern). This exercise shows
what features are required to reproduce the kinds of order found in
DNA.

2. Local order

In this section we explore the local statistics of DNA sequences
using as examples the genomes of B. anthracis and E. coli. The genomes
of these bacteria both consist of a single circular chromosome and
contain slightly more than five million base pairs (bp) which is about
three times the size of the genomeswe have previously examined. The
basic statistics for these two organisms are:

BA: number of base pairs = 5;227;290
fraction of A–T base pairs = 0:6462
fraction of C–G base pairs = 0:3538

ð1Þ

EC: number of base pairs = 5;231;428
fraction of A–T base pairs = 0:4952
fraction of C–G base pairs = 0:5048

ð2Þ

For EC we have counted nonstandard base pairs as C–G base pairs
for simplicity. We note that for BA the fraction of A–T base pairs is
almost twice the fraction of C–G base pairs while for EC the fractions
are almost equal.

We will use two parameters to describe the base sequence of a
genome, namely

f0 = fraction of A plus T
f1 = fraction of C plus G ð3Þ

where

f0 + f1 = 1: ð4Þ
We will refer to these two states as 0-states and 1-states res-
pectively. To illustrate the behavior of the local statistics in DNA we
examine the first million base pairs in BA. For this sequence we count
the fractions of the different possible singlets and doublets (nearest
neighbor pairs), obtaining the following results

f0 = 0:635; f1 = 0:365 ð5Þ

f00 = 0:411; f11 = 0:141; f01 = f10 = 0:224 ð6Þ

Using this data we then construct the following matrix which is an
indicator of the randomness of the sequence

f0f0 = f00 f0f1 = f01
f1f0 = f10 f1f1 = f11

� �
= 0:981 1:035

1:035 0:945

� �
ð7Þ

If the sequence is random then all of the matrix elements will be
equal to one. One sees that the deviation from random behavior is of
the order of a few percent.

Another statistic that illustrates deviation from random behavior is
the average length of a run of 0s or 1s. We first calculate the number of
different states in a sequence N bases long

N0 = Nf0; N01 = Nf01; N1 = Nf1: ð8Þ

The average sequence lengths are then given by

hn0i =
N0

N01
=

f0
f01

; hn1i =
N1

N01
=

f1
f01

: ð9Þ

If the sequence is random, with f01= f0 f1, then one has

hn0i4 =
1
f1

; hn1i4 =
1
f0
: ð10Þ

Taking the ratios of the quantities given in Eq. (9) to those in
Eq. (10) we obtain the result

hn0i
hn0i4

=
f0f1
f01

=
hn1i
hn1i4

= 1:036 ð11Þ

which indicates that there is a very slight tendency for the states
to cluster relative to the clustering found in a random sequence. For
the sample we are using from BA the sequence lengths are as follows

hn0i = 2:83 2:74ð Þ
hn1i = 1:63 1:57ð Þ ð12Þ

where the numbers in parentheses give the respective quantities for a
random sequence.

The above examples indicate that on the local level of nearest-
neighbor statistics, DNA exhibits random statistics. To see if random
behavior persists beyond the nearest-neighbor level we now examine
the distribution function for a larger section of the molecule. To this
end, we consider consecutive, non-overlapping blocks of m base pairs
and count the number of blocks that contain [n] 1-states. If them-block
statistics are random then all possible combinations of the two states
are generated by the simple product

Cm = f0 + f1ð Þm: ð13Þ

The expansion of the generating function given in Eq. (13) gives the
binomial distribution. The probability of having [n] 1-states in a block
of m base pairs is then simply the appropriate binomial coefficient

pn =
m!

m − nð Þ!n! f m−n
0 f n1 ð14Þ

where n can vary from zero to m.



Fig. 1. Probability distributions for BA and EC giving the probability that a block of 20
base pairs will have [n] 1-states. The solid dots give the empirical distributions while the
solid lines connect the points given by the random distribution of Eq. (14). The
appropriate parameters for each of the species are given in Eqs. (1) and (2).
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In Fig. 1 the solid dots give the empirical distributions for BA and
EC. The solid lines connect the points obtained from the binomial
distribution given in Eq. (14). The results given in Fig. 1 show that the
empirical distributions for m-blocks withm=20 are essentially iden-
tical with the distribution functions for random sequences. In the next
sectionwe examine the question of how large we canmakem and still
obtain random behavior.

3. Intermediate order

In this section we examine the order in DNA in the range of 102 to
104 bp. In particular we want to determine whether or not the em-
piricalm-block distribution determined by direct counting is the same
as the distribution function for a random sequence as given by Eq. (14)
and illustrated in Fig. 1. We have already explored this question in
previous publications [1,2]. Here we review the essential points of the
approach as applied to BA and EC.

The simplest way to determine the basic structure of a distribution
function is through the moments of the distribution. The first two
moments of the m-block distribution are given by the following
standard relations

M1 mð Þ =
Xm
n=0

npn

M2 mð Þ =
Xm
n=0

n2pn

ð15Þ

where pn again is the probability of having [n] 1-states in anm-block. If
we know the generating function for the system thenwe can calculate
the moments directly from that. In order to count 1s we insert a label
parameter z for every 1-state in the system giving the generating
function Гm (z). For example, for random units we have the following
modified generating function for a general m-block

Cm zð Þ = f0 + zf1ð Þm: ð16Þ

Writing z in terms of an exponent

z = ea ð17Þ

we have the following general relations for the moments

M1 mð Þ = ACm

Aa

M2 mð Þ = A
2Cm

Aa2
:

ð18Þ

We note that the use of Eq. (18) is not restricted to random sys-
tems. After taking the appropriate derivatives we set a=0 (which is
equivalent to setting z=1).

For random systems we use Eqs. (16)–(18) and obtain the fol-
lowing relations giving the moments as a function of the block
size (m):

M1 mð Þ = mf1
M2 mð Þ = mf1 + m m − 1ð Þf 21

ð19Þ

We then construct the standard deviation of the distribution using
the general relation

σ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − M2

1

q
: ð20Þ

Using Eq. (19) in Eq. (20) gives

σ =
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mf0 f1

q
: ð21Þ

We then define the following function that is crucial for our
understanding of long range order in DNA

f mð Þ = σffiffiffiffiffi
m

p : ð22Þ

For random sequences we combine Eqs. (21) and (22) giving

f =
ffiffiffiffiffiffiffiffiffi
f0 f1

q
ð23Þ

which is independent ofm (the block size). The deviation of zeta from
the value given in Eq. (23) will then be an indication of deviation from
random behavior.

To obtain ζ(m) from the BA and EC genomeswe proceed aswith the
m=20 example treated in the previous section. To review, we divide
the molecule up into consecutive, non-overlapping blocks each con-
taining m base pairs. We then count the number of 1-states in each
block giving the pn, the block distribution function. Nextwe use the pns
in Eq. (15) to give the moments M1 and M2. We then calculate σ, the
standard deviation of the distribution, using Eq. (20) and, finally, we
calculate ζ(m) using Eq. (22).

The results of this calculation for BA and EC are shown in Fig. 2
where the solid dots give the values of ζ(m) form=100 tom=12,000
in steps of 100. If the block distribution functions were random then
ζ should be independent of m with the values given by Eq. (23) and
shown by the dashed curves in Fig. 2. The fact that ζ(m), as illustrated
in Fig. 2, is a strong function of m indicates that there is a very
large deviation from randomness as m is increased. Thus on a local
scale the statistics indicate a random sequence while on a large
scale the distribution is very nonrandom. This feature (locally random,



Fig. 3. Plots of the function R(m) defined in Eq. (25) as a function ofm based on the data
given in Fig. 2. The dashed curves give the constant values of A given in Eqs. (26) and
(27).

Fig. 2. Plots of the function ζ(m) defined in Eq. (22) for Bacillus anthracis and Escherichia
coliwherem is the block size. The solid curves are the respective power laws defined by
Eq. (24) with the parameters of Eqs. (26) and (27). The dashed curves represent the
behavior of ζ for random sequences given by Eq. (23).
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nonrandom on an intermediate scale) is characteristic of all of the
genomes that we have examined.

The behavior of ζ(m) shown in Fig. 2 suggests a power law of the
following form

f = Amγ
: ð24Þ

To test this hypothesis one can plot ln ζ as a function of ln m. The
slope and intercept of such a plot give ln A and the exponent γ (the
persistence exponent), respectively.

A further test of the power law behavior is given using the function

R mð Þ = f mð Þ
mγ : ð25Þ

If the power law holds, then we expect R(m)=A for all m. The
quantity R(m) is plotted in Fig. 3 for BA and EC and one sees that it is
indeed constant for all values of m (block size).

The parameters A and γ obtained in this manner for BA and EC are
as follows

BA: A = 0:1548
γ = 0:2866 ð26Þ

EC: A = 0:2282
γ = 0:2841 : ð27Þ
One notes that the values of γ are approximately the same for the
two species. Previously we have obtained a similar value of γ(0.290)
for the organism Thermoplasma volcanium [1].

4. Distributions for intermediate order

In order to understand the behavior of the ζ function we examine
the distribution function for the net base composition of blocks as a
function of block size. In Eqs. (13) and (14) we have already given the
distribution function for a discrete random sequence of base pairs. The
analog for a random distribution in continuous space is the standard
normal distribution. To distinguish the randomdistribution fromother
similar distributionswewill refer to this as the Gaussian distribution. It
is given by the following function

PG xð Þ = 1ffiffiffiffiffiffi
2π

p
σG

exp − x−xoð Þ2 = 2σ2
G

h i
ð28Þ

where x is the continuous analog of the index n (the number of
1-states in an m-block used in Eq. (14)). The quantity xo is the mean
value of x while the quantity σG is the standard deviation as given by
Eq. (21) which we repeat here:

xo = mf1 = M1 mð Þ; σG =
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mf0 f1

q
: ð29Þ

The Gaussian distribution given in Eq. (28) works well for small
values ofm (e.g.m=20) while it is much too sharp for large values of
m (e.g. m=400).

For values of m in the intermediate range we follow Mandelbrot's
treatment of random walks with persistence [8,9] and use a modified
normal-like distribution which differs from the Gaussian distribu-
tion in having a σ function that is constructed from ζ(m). Using



Fig. 4. Probability distributions for BA and EC giving the probability that a block of 400
base pairs will have [n] 1-states. The solid dots give the empirical distributions while the
solid lines give the respective Gaussian distributions of Eq. (28). The dashed lines give
the respective Mandelbrot distributions of Eq. (32).

Fig. 5. The upper graph shows the empirical probability distribution (solid dots) for the
casesm=100 andm=200. The solid curves give the respective Mandelbrot distributions
of Eq. (32). The lower graphs show the same distributions as treated by the scaling
relations of Eqs. (34)–(36).
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Eqs. (22) and (24) we solve for σ (which we designate with the
subscript M for Mandelbrot)

σM =
ffiffiffiffiffi
m

p
f mð Þ = AmH ð30Þ

where

H = γ + 1 = 2: ð31Þ

The Mandelbrot distribution is then given by the function

PM xð Þ = 1ffiffiffiffiffiffi
2π

p
σM

exp − x−xoð Þ2 = 2σ2
M

h i
ð32Þ

This function looks superficially like the Gaussian distribution
given in Eq. (28), but these two functions differ markedly with respect
to the sigma functions given in Eqs. (29) and (30). In particular PM(x) is
a much broader distribution than PG(x). Using the values of gamma for
BA and EC given in Eqs. (26) and (27) we obtain the following values for
the H parameter given in Eq. (31)

HBA = 0:787; HEC = 0:784: ð33Þ

To illustrate the difference in the functions PG(x) and PM(x) we
compare these functions with the empirical distributions obtained by
direct counting of the compositions of successivem-blocks. In Fig. 4 we
show thesedistributions for the case ofm=400 forBA andEC. Again the
solid dots indicate the empirical results obtained by scanning the
genomes of the respective species. The solid curve in both graphs gives
the distribution PG(x) as given by Eq. (28) with sigma given by Eq. (29).
These functions give the distributions for random sequences and one
sees in both graphs that the empirical distributions are much broader
than the corresponding PG(x) distributions. Finally, the dashed curves in
both graphs give the behavior of the PM(x) distribution of Eq. (32). For
the case of BA the PM(x) distribution is seen to fit the empirical data
extremely well. However, for the case of EC the empirical data show a
clearly asymmetric form (the function PM(x) is symmetric about the
meanvalue of x).Wewill construct amodified distribution thatwill give
a good fit for the empirical data of EC shortly. But first we fur-
ther illustrate how well the Mandelbrot distribution works for the BA
data.

In Fig. 5 the solid dots give the empirical distributions for the cases
ofm=100 andm=200 for BA. The solid curves give the corresponding
Mandelbrot distributions which are seen to give an outstanding fit
to the data. We now show that we can scale the distributions so that
the two become essentially identical. To do this we introduce a new
variable

y =
x − xo
σM

ð34Þ

with

dy =
1
σM

dx ð35Þ

where σM is given by Eq. (30). Substituting these forms in Eq. (32) one
obtains the simplified distribution

P yð Þ = 1ffiffiffiffiffiffi
2π

p exp −y2 = 2
h i

: ð36Þ

For the discrete empirical points we make a similar change of
variable.

Using the above scaling relations we can collapse the upper
curves in Fig. 5 into one distribution as shown in the lower curve
(where the solid line gives the distribution of Eq. (36) and the solid



Fig. 6. The first four relative moments for BA and EC. The solid lines give the empirical
results while the dashed curves give the results of using the Mandelbrot distribution.

Fig. 7. The probability distribution for m=400 for EC. The solid dots give the empirical
results while the dashed curve gives the result of the Mandelbrot distribution based on
two moments. The solid curve gives the maximum-entropy distribution of Eq. (42)
based on four moments.
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dots give the empirical points for m=100 and m=200, also scaled).
The results shown in Fig. 5 indicate that the block distributions
for BA are well described by the Mandelbrot distribution, PM(x),
as given by Eq. (32) with the width of the distribution given by
Eqs. (30) and (31).

We now return to the asymmetric distribution of the EC empirical
data for the case of m=400 as shown in Fig. 4. In order to introduce
asymmetry into the distribution we need to include the influence of
higher moments. It is convenient to consider the following relative
moments

μk mð Þ = Mk mð Þ=M1 mð Þk ð37Þ

where (the sum replaced by an integral for continuous distributions)

Mk mð Þ =
Xm
n=0

nkpn: ð38Þ

The first four relative moments for the Mandelbrot distribution are
as follows

μ1 = 1; μ2 = 1 + r; μ3 = 1 + 3r; μ4 = 1 + 6r + 3r2 ð39Þ

where

r =
AmH−1

f1

 !2

: ð40Þ

For the case of a random distribution one has the same relations as
given in Eq. (39) with

γ = 0; H = 1= 2; A =
ffiffiffiffiffiffiffiffiffi
f0 f1

q
; r =

1
m

fo
f1
: ð41Þ
In Fig. 6 we compare the relative moments obtained from the
empirical distributions (dashed curves) with the moments for the
respective Mandelbrot distribution for BA and EC. The Mandelbrot
distributions for both species show a good fit to the data.

Given the first four moments of the distribution we can now
construct a higher order distribution. To do this we apply the
maximum-entropy method which has been used [10–14] to con-
struct distribution functions for proteins and other systems. The
maximum-entropy distribution, P(x), is the exponential of a finite
polynomial in x

P xð Þ = Exp − a0 + a1x + a2x
2 + a3x

3 + a4x
4

� �h i
: ð42Þ

One has as many powers of x in the exponential as one has
moments (the term a0 is determined by requiring that the distribution
is normalized to unity). Thus given fourmoments one has a quartic in x
in the exponential. If one had only twomoments then one would have
a quadratic in the exponential and this would be exactly the same as
the standardnormal distribution. Thus one trades the numerical values
of a set of moments for the numerical values of a set of parameters in
the distribution function. The calculation of the coefficients requires a
simple iterative procedure.

In Fig. 7 we reproduce the empirical data (solid dots) of EC for
the case of m=400. The dashed curve gives the Mandelbrot dis-
tribution of Eq. (32) based on two moments while the solid curve
gives the maximum-entropy distribution of Eq. (42) based on four
moments. The latter distribution now gives a good fit to the data,
reproducing the asymmetric form of the empirical distribution quite
well.

5. Persistence and intermediate order

We have seen in the previous section that the function ζ(m) shows
strong nonrandom behavior and that this can be related to a broadening
of them-block distributions as shown in Fig. 4. In turn this can be related
to the standard deviation of the Mandelbrot distribution as shown in
Eq. (32). Following Mandelbrot's fractal model of a random walk with
persistence (i.e. thewalk tends to continue in the samedirection formore
steps than a purely randomwalk) the broadening of the PM(x) function
can be attributed to the tendency for blocks of like or near-like content of
one-states to follow one another (hence the origin of persistence).

As we have shown previously [1] we can graphically show the
presence of persistence in DNA by examining the base composition of
consecutive m-blocks. We record how many blocks contain [i] 1-states
(singlet distribution) and how many blocks containing [i] 1-states are



Fig. 8. The difference function defined by Eq. (43) for BAwithm=100. The color code is
given in Eqs. (44) and (45). The white blocks indicate that like blocks tend to follow one
another while the black blocks indicate that unlike blocks tend to follow one another
thus illustrating the phenomena of persistence in this DNA.

Fig. 9. The behavior of the function ζ(m) obtained from the matrix of conditional
probabilities given by Eq. (46) using the empirical doublet frequencies obtained from
the sequence of BA for varying size reference blocks, m0. The solid curve is the power
law defined by Eq. (24) with the parameters of Eq. (26) while the dashed curve
represents the behavior of ζ for random sequences given by Eq. (23).
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followed by a block containing [j] 1-states (doublet distribution). The
number of singlets and doublets are expressed as the frequencies of the
various possible states, namely, fi and fij. We then construct an (m+1)×
(m+1) table that gives the difference between the empirical doublet
frequencies and the doublet frequencies for a random placement of
m-blocks where

wij = fij − fifj: ð43Þ

We convert the numbers wij into color codes as indicated below

wij N 0 whiteð Þ; wij = 0 grayð Þ; wij b 0 blackð Þ: ð44Þ

An (m+1)×(m+1) grid of colors constructed as outlined in
Eq. (44) for the case of m=100 for BA is shown in Fig. 8. The color
codes have the following simple interpretation

wij N 0 whiteZlike blocks follow one anotherð Þ
wij b 0 blackZunlike blocks follow one anotherð Þ: ð45Þ

One sees clearly that the white states (positive correlation of like
states) tend to occur along the j= i axis while the black states (negative
correlation of like states) tend to occur along the j=70− i axis (per-
pendicular to the other axis). Thus the results shown in Fig. 8 clearly
indicate the presence of persistence in the BA genome.

The results shown in Fig. 8 give dramatic qualitative evidence of
persistence in DNA sequences.We nowwill incorporate this effect into
a quantitative procedure. In Eq. (13) we used a generating function for
a random sequence to obtain all possible random configurations. Here
we will pursue a similar approach, but in this case we construct a
generating function that is a product of matrices that contain
information about the correlation of consecutive blocks. We have
used this approach previously for small genomes [1,2].

Webeginbypicking a referenceblock sizewhichwewill designate as
m0. We then collect data on the occurrence of singlet and doublet
frequencies in blocks of sizem0. Thuswe have fi and fij for the range i=0
tom0. We then construct the following (1+m0)×(1+m0) matrix

P =
fij
fi
zj−1

� �
ð46Þ
where

fij
fi

= P i j jð Þ ð47Þ

is the conditional probability that given i, j follows. If the sequence is
random (independent) then fij= fifj and P(i|j)= fj. In Eq. (46) z is a
label to count 1-states just as in Eq. (16).

We next construct two vectors. The first is a vector of the a priori
probabilities of the possible given compositions (number of 1-states)
in an m0-block

p = fj z
j−1

h i
: ð48Þ

The second is simply a vector of 1s

v = 1½ �: ð49Þ

We then consider n consecutive blocks of sizem0 (n=1, 2,…) with

m = m0n: ð50Þ

Finally we construct the generating function for moments as a
matrix product

Cm = p Pn−1v + ð51Þ

where v+ is the transpose of the vector v to give a column vector. We
then use Eqs. (17)–(22) to obtain ζ(m). We consider m values in
integer blocks ofm0 with a maximum value ofm=12,000. The values
of n that we use in Eq. (50) vary in the range of n=1 to n=mmax/m0

with m0=200, 500, 1000, 2000.
The results of these calculations using BA data are shown in

Fig. 9 where the solid dots give the values of the ζ(m) for the values
ofm andm0 used. The cases of a random sequence, using the values given
by Eq. (23) and the power law of Eq. (24) for BA are shown for reference
by the dashed curves. One sees that asm0 is increased thematrix product
gives a better and better fit to the power law behavior of ζ(m). This result
indicates that the power law-like behavior is a consequence of the
persistence correlation between neighboring blocks. For large values of n,
the generating function given in Eq. (51)will be asymptotic to the largest
eigenvalue of P raised to the nth power. Using Eqs. (18), (20), (22) one
finds that in the large-n limit, ζ(m) is asymptotic to a constant. Thus
Eq. (51) can never truly give a power law for largem-values. However in



Fig. 10. Sample random walks given by the function L(n) defined in Eq. (53) for a
Gaussian randomwalk (D=1.50) and a Mandelbrot randomwalk (D=1.21). The walks
are constructed using the parameters for BA. Every 500th point is shown.
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the intermediate-m range thematrix product for the generating function
gives a good approximation to the empirical variation of ζ(m).

6. Global order

In this section we look at order in DNA on the scale of the entire
genome (105–107 bp) using the model of a randomwalk. As Mandelbrot
points out, a randomwalk generates a fractal structure (similar behavior
onall scales)with a characteristic fractal dimension. The standard random
walk in one dimension describes the path a growing chain takes when at
each interval the new unit in the chain can take a step in the forward
direction (+1) or in the reverse direction (−1) at random. The analogy
with aDNAsequence is basedon the fact that there are twopossible states
perunit (one forC–Gpairs andzero forA–Tpairs.) These two states canbe
mapped onto the parameters for a randomwalk as follows

αi = − 1 for C or Gð Þ
αi = + 1 for A or Tð Þ: ð52Þ

After n steps (n base pairs) the locus of the nth unit is then given
by summing the appropriate values of the αs. One has simply

L nð Þ =
Xn

i=1

αi − nΔ f ð53Þ

where

Δ f = f0 − f1: ð54Þ

The inclusion of the Δf term in Eq. (53) gives the walk relative to
the average composition. Its presence guarantees that L(N)=0 for the
last unit in the walk.

We first calculate sample walks for systems obeying the Gaussian
(Eq. (28)) and the Mandelbrot (Eq. (32)) distributions. We will con-
struct the walks based on blocks containing mo base pairs. For a given
block number j we select a value of x=xj at random but distributed
according to the distribution used. The number of 1-states and 0-states
in the jth block are then given by

n1 = x1
n0 = mo − n1
n0 − n1ð Þ = mo − 2n1:

ð55Þ

The contribution that this block has to the overall walk is given by

ΔLj moð Þ = n0 − n1ð Þ− moΔ f

= mo − 2xj
� �

− moΔ f :
ð56Þ

The net walk is then given by counting up the mo blocks

L nð Þ =
XN =mo

j=1

ΔLj xj
� �

ð57Þ

which gives the value of L(n) at every unit that is a multiple of mo.
Again, the xj are calculated at random but distributed according to
either PG(x) or PM(x). We note that the basic parameters for the two
distributions are as follows

Gaussian: x0 = mof1; σG =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mo fo f1

p
Mandelbrot: xo = mof1; σM = AmH

o :
ð58Þ

As pointed out by Mandelbrot [8,9], every fractal has an associated
fractal dimension, D. For our randomwalk model D is related to γ, the
persistence exponent is as follows

D = 2− H = 3= 2 − γ: ð59Þ
For our two distributions this gives

Gaussian: γ = 0ð Þ D = 1:50
Mandelbrot: γ = 0:287; BAð Þ D = 1:21: ð60Þ

Sample Gaussian (D=1.50) andMandelbrot (D=1.21) fractalwalks
based on the above parameters are shown in Fig. 10. The parameters
used are those from BA. The curves show the characteristic fractal
nature of random walks. We note that the fractal walk based on the
Mandelbrot distribution is broader than the walk based on the
Gaussian distribution, indicating that for the Mandelbrot distribution
the walk increments tend to keep going in the same direction longer
than for the Gaussian walk, indicating that the Mandelbrot walk has
greater persistence. The total length of the sequences used is 5, 200,
000 (approximately the length of both BA and EC.We note that it is an
important characteristic of random walks that the value of L(n) will
often be on a given side of the L(n)=0 line for thousands and even
millions of steps.

The jagged curves in Fig. 11 show the fractal walks based on
the actual base sequences for BA and EC. For these walks the values of
the xj in Eq. (57) are taken from the actual sequence. We note the
difference in the vertical scales of the curves given in Fig. 10 and those
shown in Fig. 11 This indicates that the walks based on the base
sequences have a structure that is on a scale much larger than that for
the fractal walks shown in Fig. 10 and indicates a level of order that
encompasses the entire sequence.

We candetermine this global structure byfitting the jagged curves in
Fig. 11 to a high order polynomial in n (here we have used the eleventh
order). The results of this calculation are shown by the smooth curves in
Fig.11which give the overall structure of L(n) as a function of n. We then
subtract the global curve from the overall curve as follows

DL nð Þ = Loverall nð Þ− Lglobal nð Þ ð61Þ

to obtain DL(n), the local variation of L(n). This is shown in Fig. 12
which now has the character of the D=1.21 (Mandelbrot) walk
shown in Fig. 10.

7. Model sequence with three levels of order

In the previous sections we have examined the occurrence
statistics of A–T and C–G base pairs in DNA, using the genomes of
BA and EC as examples. In Section 2 we focused on local statistics in
the range of 100–101 bp. In this range we found that with respect to
nearest-neighbor probabilities and block distribution functions the
statistics was that of essentially random units. In Section 3 we



Fig. 11. Comparison of the background functions (smooth curves) with the total walks
(jagged curves) of BA and EC.

Fig. 12. The difference walks obtained by taking the difference between the background
functions and the total walks given in Fig. 11 for BA and EC. Every 500th point is shown.
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constructed the function ζ(m) that measures the width (standard
deviation) of the probability of finding m-blocks with a given
number of 1-states and reflects order in the range of 102–104 bp.
Here we find very large deviations from random behavior exem-
plified by the power law form of ζ(m). We found that we could
understand this order in terms of the Mandelbrot distribution that
incorporates persistence (the tendency of sequences to be followed
by sequences of similar net composition). Finally, in the previous
section we saw that there was a global (105–107 bp) structure to
the sequence walks that could not be derived from the inter-
mediate statistics as a consequence of persistence.

In this final section we explore the construction of a synthetic
specific sequence that has all three levels of order found in DNA. Our
purpose is to see what the requirements are to get all three levels of
order in one sequence.

We begin by taking a chain of five million base pairs which is the
approximate chain length for BA as given in Eq. (1).We then divide the
chain up into large boxes of sizemo where we takem0=10,000 which
is close to the upper limit ofm in the graphs of ζ(m) given in Fig. 2. We
then assign a number, N1, to each box giving the number of 1-states in
the given box. The values of N1 are picked at random according to a
particular distribution function that we take as a modified version of
the Mandelbrot distribution given in Eq. (32)

PS xð Þ = 1ffiffiffiffiffiffi
2π

p
σS

exp − x−xoð Þ2 = 2σ2
S

h i
ð62Þ

where σS is a slight modification of the parameter given in Eq. (30),
namely

σS = b
ffiffiffiffiffi
m

p
f mð Þ = bAmH ð63Þ
where b is an adjustable parameter. The parameter H remains the
same as given in Eq. (31).

We have now generated a sequence of N1 values, one for each mo-
block, with the N1 values distributed randomly but with frequencies
given by the distribution function given in Eq. (62). Thus for blocks
with m0=10,000 we can generate any value for the function
ζ(m=m0) by varying the parameter b in Eq. (63). This then allows
us to control the value of ζ(m) for large m.

The next step is to generate specific sequences of 0s and 1s in each
m0-block, consistent with the value of N1 for that particular block. We
will generate the sequences using a random distribution and thus the
overall sequence will be basically random. A given block will have the
following parameters:

m0 = length of box
N1 = number of 10s
N0 = number of 00s = m0−N1

ð64Þ

To incorporate the constraints of Eq. (64) we use the following
procedure. We start with a vector of the successive integers from 1 to
m0 where the numbers indicate the locus of a site in the m0-block. As
an example, we take the following parameters: m0=6, N1=4 and
N0=2 giving

Vo = 1;2;3;4;5;6ð Þ: ð65Þ

We then pick an integer from 1 to 6 at random and remove that
element from the vector, for example, the integer 3

V1 = 1;2;4;5;6ð Þ: ð66Þ

We repeat this procedure by picking an element from 1 to 5 at
random and removing it (for example, the integer 4; note that we
remove the 4th element in the vector and not the number 4)

V2 = 1;2;4;6ð Þ: ð67Þ

Next we take a vector containing m0 0-states as elements

U0 = 0;0;0;0;0;0ð Þ: ð68Þ

Finally we set all of the vector elements in U0 corresponding to the
elements in V2 equal to 1 in U0 giving

U = 1;1;0;1;0;1ð Þ ð69Þ

which is a random sequence that has four 1s and two 0s. This method
is very fast and efficient.



Fig. 14. The solid dots give the values of the ζ(m) function for the model sequence. The
upper dashed curve gives the power law for BA.
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We thus have an algorithm that, first, constructs a specific sequence
in which we have built in long range correlations according to a
distribution of choice (such as that in Eq. (62)) for very large blocks
(m≈10,000), thus giving order on the intermediate scale, and, second,
fills out the sequencewith a random selection of 0s and 1s as illustrated
in Eqs. (65)–(69). We generate the sequence using random choice, but
once the choice is made the sequence is specific. We now want to see
what this sequence looks like with respect to short, intermediate and
global order.

We begin by examining the short-range order. To this end we
repeat the calculation used for BA and EC as illustrated in Fig.1. In that
case we counted the number of 1-states in blocks with m=20. We
then compared the resulting distribution function with the binomial
distribution of Eq. (14). The results of this calculation for our model
sequence are shown in Fig. 13 where the solid dots are the results
obtained by direct counting and the solid lines connect the
corresponding points given by the binomial distribution. One sees
that there is almost exact agreement between the empirical count
and the random distribution. Thus on a local scale the model
sequence behaves as a purely random system. This is not surprising
since the local structure was generated randomly. However, the
sequence is random subject to the constraint that the total numbers
of 1-states in each large mo-block are generated by a non-random
distribution function.

Next we examine the function ζ(m) for the model sequence
and compare it with the power law function for BA. The results of
this calculation are shown in Fig. 14 where the solid dots are the
results obtained by explicit counting for the model sequence and
the upper dashed line is the power law form for BA. The model
sequence was calculated using the distribution of Eq. (62) with
b=1.2, this value of b being found to give the best overall fit to
ζ(m) for BA. The results given in Fig. 14 indicate that if one adjusts
the value of ζ for large m (here, m=10,000) using a single block
size, then the overall pattern of ζ(m) follows. We note that the
bump in the ζ(m) data at m=10,000 is a result of using only one
box size. By using more box sizes it could be eliminated. Here
we have chosen to pick the simplest approach using only one box
size.

Finally we examine the global behavior of the model sequence
using the walks as described in the previous section. The results are
shown in the upper graph in Fig. 15 where the jagged curve gives
the net function L(n) for the model sequence. As with BA and EC
there is a long-range structure to this function. We extract this
behavior by fitting L(n) to a polynomial in powers of n (11th order).
The global function found in this manner is shown by the smoothly
Fig. 13. The probability distribution for the model sequence giving the probability
that a block of 20 bp will have [n] 1-states. The solid dots give the empirical distri-
bution while the solid lines connect the points given by the binomial distribution of
Eq. (14).
varying curve in Fig. 15. Next we tabulate the difference between
the total L(n) walk function and the global curve as indicated in
Eq. (61). This result is shown in the lower graph in Fig. 15 and is
seen to be very similar to the Mandelbrot walk curve given in
Fig. 10 (D=1.21).

These calculations have shown that the model sequence has all of
the order properties of real DNA: random locally, persistence power
law in the intermediate range and a smooth variation at the global
level. All of these features are the result of generating the number
of 1-states in m=10,000 blocks using the distribution function of
Eq. (62) and then filling in with a random sequence that obeys the
overall constraints. Thus given the intermediate tendency for per-
sistence of composition, all of the other features follow naturally. Of
course in real DNA the intermediate structure is determined by the
net composition of the genes.
Fig. 15. The walk function L(n) for the model sequence. The upper graph shows the
net L(n) function (jagged curve) while the smooth curve is the background global
variation. The lower graph gives the difference between the two curves shown in the
upper graph.
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